Averaging operators over nondegenerate quadratic surfaces in 

finite fields 



Doowon Koh 



Abstract. We study mapping properties of the averaging operator related to the variety V — 
{x £ Fq : Q(x) = 0}, where Q(x) is a nondegenerate quadratic polynomial over a finite field F q 
with q elements. In the previous paper [4], sharp LP — V averaging estimates were given in all 
odd dimensions d > 3 but not in even dimensions d > 4. In this paper we investigate the sharp 
strong-type estimates of averaging operators over varieties V in even dimensions d > 4. Critical 
endpoint estimates are successfully carried out to improve upon the previously known results in [4] . 
Our results are sharp in the sense that a further improvement could not be expected if V contains 
a d/2-dimensional subspace and the dimensions d > 4 are even. 



1. Introduction 

Let V C M d be a smooth hypersurface and da a smooth, compactly supported surface measure 
on V. An averaging operator A over V is given by 

A/0) = / * da{x) = f(x- y)da(y) 



where / is a complex valued function on M d . In this Euclidean setting, the averaging problem is to 
determine the optimal range of exponents 1 < p, r < oo such that 

(1-1) 11/ * Mvp*) < C P)M ||/|| iP(Rd)) / e S(R d ) 

where denotes the space of Schwartz functions. When V is the unit sphere S d_1 , this problem 

is closely related to regularity estimates of the solutions to the wave equation at time t = 1, and it 
was studied by R.S. Strichartz (10] . It is well known that L p — L r averaging results can be obtained 
by the decay estimates of the Fourier transform of the surface measure da on V. For i nsta nce, if 



\da(0\ = \J V e~ 27rix <da(x)\ < + for some a > 0, then the averaging inequality (jl.lh holds 

whenever 

1 1 1 / a \ , . 

1<P<2, ---<- — — , and r = p , 
p 2 2 \q + I J 

where p' denotes the exponent conjugate to p (see |10j . [5], and P. 371 in |9j). Thus, if |dc r(^)| < 



(1 + l^)-^- 1 )/ 2 and (1/p, 1/r) = (d/(d + 1), l/(d + 1)), then the averaging estimate ([Ll) holds 
Since L 1 — L 1 and L°° — L°° estimates are clearly possible, we see from the interpolation theorem 
that if |<icr(£)| < + i then LP — U estimates hold whenever 1/r) lies in the triangle 

A d with vertices (0, 0), (1, 1), and (d/(d + 1), l/(d + 1)). Moreover, it is well known that LP - U 
estimates are impossible if (1/p, 1/r) lies outside of the triangle A^. Such analogous phenomena 
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were also observed in the finite field setting (see pQ and [4]). 

On the other hand, if the optimal Fourier decay estimate of the surface measure da is given by 



£ (1 + \Z\)~ a ^ some a < (d - l)/2, 

then it is in general hard to prove sharp averaging results and some technical arguments are re- 
quired to deal with the case (e.g. see [3]). In the finite field case, this was also pointed out by the 
authors in p]. 

As an analogue of Euclidean averaging problems, Carbery, Stones, and Wright pQ initially intro- 
duced and studied the averaging problem in finite fields. Let F^ be a d- dimensional vector space 
over a finite field ¥ q with q elements. We endow the space ¥ q with a normalized counting measure 
"cte". Given a function / : (F^, dx) — > C, its integral is given by 

/(*) dx = ~d f^- 

Let V C Fg be an algebraic variety. Then, a normalized surface measure a supported on V can be 
defined by the relation 



/ 



f(x) da(x) = -—- ^ /(s 
1 1 x&V 



where |V| denotes the cardinality of V (see [8]). Notice that the normalized surface measure a on 
V can be viewed ELS ct function on (¥ q , dx): 

q d 

= jvT 

Here, and throughout the paper, we write V(x) for a characteristic function on V. Then, an aver- 
aging operator A can be defined by 

Af(x) = f * da(x) = f f{x- y) da{y) = —- ^ fix - y) 

J 1 1 y&V 

where both / and Af are functions on (FJ:, dx). In this setting the averaging problem over V is to 
determine 1 < p, r < oo such that 

(I- 2 ) \\ A f\\L r (Wi,dx) < C|l/llLP(Fd,dx)> 

where the constant C > is independent of functions / and q, the cardinality of the underlying 
finite field ¥ q . 

Definition 1.1. Let 1 < p, r < oo. We denote by Aip — > r) < 1 to indicate that the averaging 
inequality (1.2) holds. 

The main purpose of this paper is to obtain the complete L p —L r estimates of the averaging oper- 
ators over varieties determined by nondegenerate quadratic form over ¥ q . Let Q(x) £ ¥ q [x±, . . . , 
be a nondegenerate quadratic form. Define a variety 

S = {xe¥ d q : Qix) = 0}. 

We shall name this kind of varieties as a nondegenerate quadratic surface in F^. Since Q(x) is a 
nondegenerate quadratic form, it can be transformed into a diagonal form a\x\ + • • • + &dx\ with 
dj 7^ by means of a linear substitution (see [7]). Therefore we may assume that any nondegenerate 
quadratic surface can be written by the form 

(1.3) S = {x £ ¥ d q : aix\ + ■■■ + a d x\ = 0} 

where aj G ¥ q \ {0}, j = 1, . . . , d. 



1.1. Necessary conditions for A(p — > r) < 1. We recall the necessary conditions for the 
averaging estimates over the nondegene rate quadratic surface S. It is well known from [7] that 



\S\ ~ q^ 1 for d > 4 (see also Corollary 2.2 of this paper for an alternative proof). Here, A < B 
indicates that there exists C > independent of q = \¥ q \ such that A < CB, and A ~ B means 
that A < B and B < A. Let 1 < p, r < oo. In order to find necessary conditions for A(p — >■ r) < 1, 
let us suppose that the averaging estimate holds: 



11/ * do "ll^(Fd,cte) ~ \\J \\LP(W$,dx)- 
It follows from a direct computation that if / = So, then we must have 

1.5 -<- + d-l, 

p r 

where 5q(x) = 1 for x = (0, . . . , 0) and 5o(x) = otherwise. By duality, we also see tat 

/ \ d 1 

1.6 ~<-+d-l. 

r p' 



Combining this condition with (1.5) yields that A(p — > r) < 1 only if (l/p, 1/r) lies in the convex 
hull of (0, 0), (0, 1), (1, 1), and (d/(d + 1), l/(d + 1)). The authors in [3] proved that this necessary 
conditions for A(p — > r) < 1 are in fact the sufficient conditions for it if the dimension d > 3 is odd. 
An interesting fact is that this statement could not be true any more if d > 4 is even and the variety 
S contains a (f/2-dimensional subspace. In this case, the necessary conditions for A(p — > r) < 1 can 
be improved. To see this, let H be a subspace with \H\ = q d l 2 . In addition, assume that H C S. 
Since H is a subspace, it is not hard to see that H * da(x) = \H\/\S\ for x G H. Since 

/ \ 1 /' r 



\H * da\\ L r {W d dx) > [q d \H * da(x)\ 7 



(2-d)/2-d/2r 



it must follow from (1.4) that 



1 2-d 1 
- + — — < -. 
p d r 



In conclusion, if d > 4 is even and S contains a subspace H with = q dj/2 , then ^4(p — > r) < 1 
only if (l/p, 1/r) lies in the convex hull of 

/ x , x / x / x fd 2 -2d + 2 1 \ /d-2 d-2 

(1.7) (0,0), (0,1), (1,1), — — — , — — , and 



d{d -I) ' d- I J ' 1' 1) 

In this paper we show that ([L7} gives the necessary and sufficient conditions for A(p — > r) < 1 
in the specific case when the variety S 1 contains d/2-dimensional subspace with d > 4 even. See 
Figure [l] below. 

1.2. Statement of main result. 

Theorem 1.2. Let da be the normalized surface measure on the nondegenerate quadratic surface 



S C Fg, as defined in (1.3). Suppose that d > 4 is an even integer and S contains a d/ 2- dimensional 
subspace. Then A(p — >~rj < 1 i/ and on/y i/ (l/p, 1/r) lies in £/ie convex hull of 

, \ / v , s fd?-2d + 2 1 \ r fd-2 d-2 
(0,0), (0,1), (1,1), — - , — — , and 



d(d-l) ' d-iy ' 1 1 



Remark 1.3. If the dimension d > 4 is even, then there exists a nondegenerate quadratic 
surface 5 which contains a d/2-dimensional subspace H. For example, consider S" = {x 6 : 

Efe=i(-!) fc+1 4 = 0} and ^ = {(h, t x , h, t 2 , ... , t d/2 ,t d/2 ) e¥ d q :tx,t 2 ,..., t d/2 G FJ. 
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Figure 1. Necessary and Sufficient Conditions for A(p — > r) < 1 in the case that 
d > 4 is even and S contains a d/2-dimensional subspace 



1.2 

aXp 



Remark 1.4. From the observation (1.7), we only need to prove the " if " part of Theorem 



Since dx is the normalized counting measure on F«, it follows from Young's inequality that 



r) < 1 for 1 < r < p < oo. Thus, by duality and the interpolation theorem, it will be enough 
to prove that 



(li 



II/* da\\ 

L d - 1 (¥ c ^,dx) ~ ll/llid(d-i)/(<i 2 -2d+2)( F d j(ia .) for all functions / on ¥ q . 



The authors in [4] showed that this inequality holds for all characteristic functions on subsets of 

d 



¥ q . Here, we improve upon their work by obtaining the strong-type estimate 



1.3. Outline of the paper. In the remaining parts of this paper, we focus on providing the 



detail proof of Theorem 1.2 In Section 2, we review the Fourier analysis in finite fields and prove 



key lemmas which are essential in proving our main theorem. The proof of Theorem 1.2 for even 
dimensions d > 6 will be completed in Section 3. Namely, when d > 6 is any even integer, the 



inequality (1.8) will be proved in Section 3. In the final section, we finish the proof of Theorem 1.2 
by proving the inequality (1.8) for d = 4. 



2. Discrete Fourier analysis and key lemmas 



In this section we drive key lemmas which play a crucial role in proving Theorem 1.2 We begin 
by reviewing the Discrete Fourier analysis. Let ¥ q be a finite field with q elements. Here, and 
throughout the paper, we assume that q is a power of odd prime so that the characteristic of ¥ q is 
greater than two. Now, let us review the definition of the canonical additive character of ¥ q . Let 
q = p s with p prime. Recall that the trace function Tr : ¥ q — > ¥ p is defined by 

Tr(c) = c + c p + ■■■ + cP"' 1 for c G ¥ q . 
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We identify ¥ p with Z/(p). Then the function x defined by x{ a ) = e 2lTiTrl - a ^ p for all a G F g is called 
the canonical additive character of ¥ q . For example, if q is prime, then x( s ) = e 2ms l q . Throughout 
the paper we denote by x the canonical additive character of ¥ q . Recall that the orthogonality 
relation of the canonical additive character x says that 



E *( as ) 

se¥ q 

More generally, this implies that 



if a / 
q if a = 0. 



2^ X (m x)-<d ifm = ( ,...,0), 



where F^ denotes the d-dimensional vector space over ¥ q and m-x is the usual dot-product notation. 
Denote by (¥ q ,dx) the vector space over ¥ q , endowed with the normalized counting measure "cfa". 
Its dual space will be denoted by (¥^,dm) and we endow it with a counting measure "cim". If 
/ : (¥ q , dx) — > C, then the Fourier transform of the function / is defined on (¥ q , dm): 

f(m) = I f{x)x(—x ■ m) dx = —t S~] f(x)x(—x ■ m) for m G F^. 

J n ' q x&n 

We also recall that the Plancherel theorem yields that ||/||L 2 (F^,dm) = II/IIl 2 ^,^) or 

Ei/>)i 2 = iEi/(-)i 2 - 



For example, if / is a characteristic function on the subset E of (¥ q , dx), then we see 

meF^ 

Here, and throughout the paper, we identify the set E C ¥ q with the characteristic function on the 
set E. We denote by (dd) v the inverse Fourier transform of the normalized surface measure da on 
S in (1.3) . Recall that 

(da) v (m) = / x(m • x) da(x) = E ' x ^ 

2.1. Gauss sums and estimates of (da) v . Let r\ denote the quadratic character of ¥ q . Recall 
that ij(t) = 1 if s is a square number in ¥ q \ {0} and r](t) = — 1 if t is not a square number in 
¥ q \ {0}. We also recall that ??(0) = 0,?? 2 = l,rj{ab) = rj(a)r](b) for a,b G ¥ q , and rj(t) = f]^ 1 ) for 
t ^ 0. For each t G F g , the Gauss sum Gt(r], x) is defined by 

Gt(v,x)= E V(s)x{ts). 

se¥ q \{0} 

Main properties of the Gauss sum are as follows (see Chapter 5 in |7J and Chapter 11 in |2|): 



\Gt(r],x)\ 



i 



q2 ift^O 
if t = 0, 



and 

(2.1) Y, x(t^) = v(t)Gi(v,x) for any t + 0. 

se¥ q 
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When we complete the square and apply a change of variables, it follows from the formula (2.1 ) 
that for each a G ¥ q \ {0}, b G ¥ q 

( b 2 

(2.2) Yl x(as 2 + bs ) = G ^> X)v{a)x 



-4a 



It turns out that the inverse Fourier transform of da can be written in terms of the Gauss sum. 
The following lemma is due to the authors in [4j. For the readers' convenience, we introduce the 
proof . 



Lemma 2.1. Let S be the variety in ¥ q as defined in (1.3), and let da be the normalized surface 
measure on S. If d > 2 is even, then we have 



{da) y {m) 



l )n(ai ■■■a d ) 



tfm^(0,...,0), £ + + 



7T = 



Here, and throughout this paper, we denote by n the quadratic character of ¥ q and we write G\ for 
the Gauss sum G%(r],x)- 

Proof. By the orthogonality relation of the canonical additive character \ °f ¥ q , we see 
(da) v (m) = IS"! -1 ^2 X(x ■ m) = |5| _1 ^ <$o(aia?i H h a d x 2 d )x{x ■ m) 



1 E E * ( S (° lX ? + • • • + adx2 d>) X( 



x ■ m) 



X (Zfd s& W q 



f^r^oH + isrv 1 2 E x + • • • + a*4)) xi 



x ■ m) 



g d - 1 |5|- 1 5 (m) + | 1 S'r 1 g- 1 EII E xC^f + m^). 



1 / m 



. , +••• + 

4s V ai a d 



From the application of the inequality (2.2) we have 

(da) v (m) = q^Sr'Soim) + G^S^q- 1 ^ ■ ■ ■ a d )J2 V d (s)x 

Since d > 2 is even, it is clear that rf = 1. The proof is complete, because x( as ) = — 1 f° r an 

a / 0, and x( as ) = (g - 1) if a = 0. □ 

Lemma |2 . 1 1 yields the following corollary. 



Corollary 2.2. Let S be the variety in ¥ d as defined in (1.3) and let da be the normalized 
surface measure on S. If d> 4 is even, then we have 

(2.3) \S\ = q d - 1 + Gf(l - q - l )n{ ai ■ ■ ■ a d ) ~ g d "\ 

and 



(2.4) 



|(aV) v (m)l 



2 

d 
' 2 



i/m^(0,...,0), ^ + --- + 
»/ ^ + • • • + ^ / 0. 

J ai a-d ' 
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Proof. By the definition of (dcr) v (0, ... ,0), it is clear that (dcr) v (0, ... ,0) = 1. Comparison 



with Lemma EZU shows that 



\S\= q d - 1 + G d l (l-q- 1 ) V (a 1 ---a d ). 



bmce | Gi| = g 1 / 2 , it follows that q^ 1 for d > 4 even. This proves &2.3ti. The inequality d2.4|) 

follows immediately from Lemma 2.1 because |Gi| = q 1 / 2 and \S\ ~ g*" 1 for d > 4 even. □ 



surface in F|~, then 
(2.5) |(da) v (m)| = 



Remark 2.3. It is clear from (2.4) that if d > 4 is even and S* is any nondegenerate quadratic 



m ■ x , 



X65 



< 



^ for m£Fj\{(0,...,0)}. 



2.2. Bochner-Riesz kernel. Recall that d<r is the normalized surface measure on the nonde- 
generate quadratic surface S . In the finite field setting, the Bochner-Riesz kernel K is a function 
on (Fg, dm) and it satisfies that K = {da) y — 8q. Recall that dm denotes the counting measure on 
¥ d . Notice that K(m) = if m = (0, . . . , 0), and K(m) = (da) v (m) otherwise. Also observe that 

da = K + 6 = K + l. 

Here, the last equality follows because 5q is defined on the vector space with the counting measure 
dm, and its Fourier transform 5q is defined on the dual space with the normalized counting measure 
dx. More precisely, if x G (¥ d dx), then 



8q(x) = / x(— m " x)5o(m) dm = x 



-m ■ x)5o(m) 



1. 



Our main lemma is as follows. 

Lemma 2.4. Suppose that d > 6 is even. Then, for every E C F^, we have 



(2.6) 



\E*K\\ d-i 



< 



-d z +2d-3 d-3 d-2 

q d-i \E\ d-i if I < \E\ < q 2 

-d 2 +d-l d-2 d 

q d ~ 1 \E\ if q 2 < \E\ < <p 

q- d+1 \E\^ if qi < \E\ < q d . 



where K is the Bochner-Riesz kernel. On the other hand, for every J?cFj, it follows that 



(2.7) 



\E*K\ 



-L 6 (F4 dx) 



< 



19 5 

q 6 \E\6 

10 . 1 

q 3 \E\ 

5 

I 1 ~"" 



- 3 \E\t 



ifl<\E\<q 
ifq< \E\ < q 2 
if q 2 < \E\ < q 4 . 



Proof. Using the interpolation theorem, it suffices to prove that the following two inequalities 
hold for all d> 4 even: 



(2.8) 
and 

(2.9) 



\E*K\\ Laa{F d dx) <q- d+1 \E\ 



\ E * K\\L*m, dx) < < 



-2d+l 1 
J 2 \E\2 

/ 4 l-E-l 

r d+1 \E\2- 



if 1 < \E\ < q^r 

d-2 d 

if q 2 < \E\ < q-2 
if gf < \E\ < q d . 



The estimate (2.8) can be obtained by applying Young's inequality. In fact, we see that 



\E * K\\ La0 (jd jdx ^ < \\K\\ L oo^ F d jdx )\\E\\ L i^ ¥ d )dx y 
7 



Since ||-K"||£°°(F<*,(ia;) ^5 Q an d ll-E'lli 1 (F d ,da:) = 1 \E\, the inequality (2.8) is established. To prove the 
inequality (2.9), first use the Plancherel theorem. It follows that 

|2 



\ E * K \\L 2 (¥d,dx) 



\EK\ 



\L 2 (¥<l,dm)- 

Now, we recall that dx is the normalized counting measure but dm is the counting measure. Thus, 
the expression above is given by 

\E(m)\ 2 \K(m)\ 2 = ^ \E(m)\ 2 \(da) v {m)\ 2 
m/(0,...,0) 



meF^ 



\E(m)\ 2 + - d Yl \E(m)\ 2 = i + u, 



a l 



m^(0,...,0): 
l4-...+ ^4=0 



m^(0,...,0): 

9 2 

— -H 1 — 



where the first line and the second line follow from the definition of K and the inequality (2.4) in 
Corollary 2.2 respectively. Applying the Plancherel theorem, it is clear that 

(2.10) II < 1 £ |£(r 



(m) | 2 = q- 2d \E\. 



In order to obtain a good upper bound of I, we shall conduct two different estimates on I. First, 
the Plancherel theorem yields 

K^T \E(m)\ 2 = - lEl 



(2.11) 



-,2d-2 ' 



On the other hand, it follows that 



I < 



1 



,d-2 



J2 i^( m ) 



-,3d- 2 



™3 



n 2 x,y£E 



Now, let S a = {m G : ^ + • • • + 



a d 



0} which is also a nondegenerate quadratic surface with 



\Sa\ ^ q d 1 - Then the expression above can be written by 



j3d-2 \Sa\ + 3d _ 2 X/ ( 

x,y£E:x=y ' x,y£E:xj^y \m£S a 



x(-m ■ (x-y)) . 



Now, we see from (2.5) that if x ^ y, then |^ m eS a x( — m • ( x ~ y)) \ ^5 Q 2 ■ Thus, we obtain that 



l< q - 2d+1 \E\ + q =^\E 



Combining this with the inequality (2.11) gives 



\E\ +q^r- \E\ 



In conjunction with the inequality (2.10), this shows that 

\E\ 



\ E * K \\LZ(F*,dx)~ mil1 



,-2d+l 



? 2d-2 ' 1 

Since (a + /3) 1 / 2 ~ a 1 / 2 + (3 1 / 2 for a, /3 > 0, it also follows that 



E\+q~^\E\ i ) +g -2d |E 



^*^ll^(F^)^min(g~ d+1 |^|5, +q~^\E\) +q~ a \E\i. 



2rf + l 



A direct computation shows that this implies the inequality (2.9). We complete the proof of Lemma 
1231 

□ 



3. Proof of Theorem 11.21 for d > 6 



In this section we provide the complete proof of Theorem 1.2 in the case that d > 6 is even. 
The proof for d = 4 shall be independently given in the following section. The main reason is as 



follows. Lemma 2.4 shall be used to prove Theorem 1.2 If d > 6 is even, then we have seen that 



the inequality (2.6) of Lemma 2.4 follows by interpolating (2.8) and (2.9). However, if d is four 



then such an interpolation is too meaningless to assert that (2.6) holds for d = 4. As an alternative 



approach, the inequality (2.7) of Lemma 2.4 shall be applied to complete the proof for d = 4. In 



this case we need more delicate estimates. 



Now we start proving Theorem 1.2 for d > 6 even. As mentioned in Remark 1.4, it is enough 
to prove the following statement. 



Theorem 3.1. Let S be the variety in ¥ d as defined in (1.3). If d>6 is even, then we have 



11/ * da\\ L r iF d dx) < \\f\\ L P( ¥ d dx) for all functions f on¥ d q , 



where (p,r) = (^^,d-l) 



Proof. Let p = d^-2d+2 an< ^ r = We aim to prove that for every complex- valued function 
fon¥ d , 



\\f *do-\\ Lr{V d idx) < \\f\\ L p(vd,dx) = \<1 d Yl l-^ 3 



As in [6] we proceed with the proof by decomposing the function / to which the operator is applied 
into level sets. Without loss of generality, we may assume that / is a nonnegative real, simple 
function given by the form 



(3.1) 



f = J2^ k Ek, 



k=0 



where Eq, E\, . . . are disjoint subsets of ¥ d . Also notice that we may assume that 



^\f(xW = l. 



It follows from these assumptions that 

oo 

(3.2) ^2-^-1 = 1, 

j=0 

and hence for every j = 0, 1, . . . , 
(3.3) 

Recall that da = K + 1 where K is the Bochner-Riesz kernel. It follows that 

11/ * da\\ L r^d 4x) < ||/ * K\\ L r( ¥ d 4x) + ||/ * l||ir( F d dx ). 

Since r > p and dx is the normalized counting measure on F^, it is clear from Young's inequality 
that 



\Ej\ < 2™. 



L r (Fd-, dx) 



< 



LP(F*dx)- 



Therefore, it suffices to prove the following inequality 

\\f * K\\ L T( ¥ d tda j) < \\f\\LP(¥d,dx)- 

Since we have assumed that ^2 xeF d \ f(x)\ p = 1, we see that II/II^f^e) = q~ d ' p - Also observe that 

ll/*^ll!^ ) = ll(/*^)(/*^)ll i 5 (W - 

From these observations, our task is to show that 

2d ^ ^ 

( 3 - 4 ) ^\\(f*K)(f*K)\\ Lh <1. 



Since / is the simple function in (3.1), we see that 

2d 



qT\\(f * K)(f * K)\\ Lk¥d4x) < g - E E 2 ~ k ~ j \K E k * * ^)H L 5 



fc=0 jf=0 



k=0 j=k 



where the last line follows by the symmetry of k and j, and the inequality (2.8). Now, for each 
j = 0, 1, 2, . . . , we consider the following three sets: 

h = {j : 1 < \Ej\ <q^}, 

J2 = {j ■ q^ < \Ej\ < qi}, 



and 



J 3 = {j : q* < \Ej\ < q d }. 



Since r/2 = (d — l)/2, it is clear from (2.6) in Lemma 2.4 that our goal is to prove the following 
three inequalities: 



(3.5) 
(3.6) 
(3.7) 



2d _ j , -j -d A +2d-3 

Ax := qp q + q 



00 00 



E E 2-*-^ fc |i^i^<i, 

k=0 j=k:jdJ\ 

00 00 



A 2 :=qTq- d+l q-^^Y. E ^ \Ekl\Ej\ < 1, 

k=0 j=k:jdJ2 



00 oo 



A 3 :=qfq-^q-^Y, E ^EkWE^ < 1. 



fc=0 j=k:j£ J3 



First, we prove that the inequality (3.5) holds. Since p = d 2 d L 2 d+2 > a direct computation shows 

2d -d 2 +2d-3 

that q p q~ d+l q = 1. Now recall from (|3_3|) that \Ej\ < TP 3 for all j = 0,1,.... Therefore, it 

follows that 



00 00 



^E E 2- fc -^ fe |2^<E2- fe i^iE 2 ' 

fc=0 j=k:j£ J\ k=0 j=k 



Since — l+ p ^_^ = d 2 d 2d \ 2 ^ ^ an< ^ sum over 3 * s a geometric series, we see that Y^=k 2 



. 1 , p(d-3) 



. Thus, the inequality (3.5) is established as follows: 



A x < E |^.|2H- 2+£ ^) < ^ |£ fc |2-f fc = 1, 



fc=0 



fc=0 
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where we used the simple observation that —2 + P ^_P < —p, and then the assumption (|3.2|). 



Second, we prove that the inequality (3.6) holds. Let e = ^2_j - Since d > 6, we see that < e < 1. 
Write A2 as follows: 

2 OO OO 

A 2 = ^"^r" 1 ^ 2- k -i\E k \\E j \ 1 - £ \E j \ £ , 

k=0 j=k:j£j2 



Since < e < 1, we notice from (3.3) that {EA 1 £ < 2 p ( 1 £ ^ . By the definition of the set J2, we 



also see that \Ej\ £ < q 2 for all j & J 2 - Then, we have 



2 00 00 

A 2 <q^q~ d+1 q^d^ =1 qfj2 Yl ^~ k ~ j \Ek\2 p{l ~ £)j 



<qTq- d +\^^qfj22' k \ E k\J2 2ji ' 1+P{1 



k=0 j=k:j£j2 
00 00 



k=0 



j=k 



Notice that q p q~ + q q^ = 1, and the geometric series over j converg es to ~ 2 ^~ +p[ - 6 >> 



because —1 + p{\ — e) = d 2^d+2 < ® d > 6. From this observation and (3.2), the inequality 



(3.6) follows because we have 

00 00 
A 2 < \E k \2 k (-^-^ = \Ek\2~ ph = 1. 



k=0 



k=0 



< 5 = -jt—j < 1 for d > 6. The value ^3 is written by 



Finally, we show that the inequality (3.7) holds. As in the proof of the inequality (3.6), we let 
4 



OO OO 



A3 = q p 



Yl ^ k - 3 \Ek\\Ej\ 5+ ^\E 3 

k =0j=k:jeJ s 



Notice from (|3.3|) that \EA S+ ^ < 2 p ( S+ i^) j for all j = 0, 1, 2, .... By the definition of J 3 , it 



is 



easy to notice that \EA < q 2 for j £ J3. It therefore follows that 



00 00 



A 3 <qf q - d+1 q- d+1 q=^Yl E 2- k ^\E k \^( S+ ^ 

k=0 j=k:j&Jz 

00 00 

<j22- k \Ek\J2 2{ ~ 1+p{5+djEAi))j 

j=k 



k=0 

00 



Y,\Ek\2^- 2+p ^ + ™ k = Y,\Ek\2~ 

k=0 



pk 



k=0 



where we used the facts that qpq d+1 q d + 1 q 2 = 1 7 (—\^p(§^ ( L^ 



d > 6, and ( -2 + p [ 5 + 



the inequality (3.7) holds and the proof of Theorem 3.1 is complete 



p, and then the assumption (3.2) for the last equality. Thus, 

□ 



~ d + 2 < n for 
d?-2d+2 U IOT 



4. Proof of Theorem 11.21 for d = 4 



As observed in Remark 1.4 it amounts to showing the following statement. 
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Theorem 4.1. Let S be the variety in ¥ 4 as defined in (1.3). Then, we have 
11/ * da\\ L 3 (¥ 4 4x) < ||/|y ^ for all functions f on Fj. 

Proof. We will proceed by the similar ways as in the previous section. However, the proof of 
the theorem will be based on (2.7), rather than (2.6) in Lemma 2.4. We begin by recalling from 
( 277) and (^9j) that 

(4.1) 

and 
(4.2) 



\E * KW^wdx) ~ ' 



_ 19 5 

q e \E\6 
q- 3 \E\e 



\ E * K \\l 2 {¥%dx) i$ 




if 1 < \E\ < q 
if q < \E\ < q 2 
if q 2 < \E\ < q 4 , 

if 1 < \E\ < q 
if q < \E\ < q 2 
if q 2 < \E\ < q 4 . 



We must show that for all complex- valued functions / on 



11/ * da\\ L i^A dx ) 



< 



As noticed in the previous section, it suffices to prove this inequality under the following assump- 
tions: 



^|/(x)|f = l and f = J2^ k Ek 



fc=0 



where Eq, E\,... are disjoint subsets of F^. From these assumptions, it is clear that 



(4.3) 

This clearly implies that 
(4.4) 



^2~^|£; i | = l for all j = 0,1,.... 

j=0 



.111 



EA < 2T for all j = 0,1,... 



According to (3.4), it is enough to prove that 

^\\(f*K)(f*K)\\ dndx) <l. 

Since / = Yl'kLo 2~ k Ek, it is enough to show that 

oo oo 

q f 3 <1. 

fc=0 j=0 9 

By the symmetry of k and j, and the Holder inequality, our task is to prove 



20 

q 3 



L 6 (F±,dx)\\(Ej * K)\\L 2 (F^dx) ^ 1- 
fc=0 j=k 

Main steps to prove this inequality are summarized as follows. By considering the sizes of \Ek\ and 
\Ej\, we first decompose Ylk=o Ylj=k as mne P ar ts. Next, using the estimates (4.1), (4. 2), (4.4), 
(4.3), and a convergence property of a geometric series, we show that each part of them is < 1, 
which completes the proof of Theorem 4.1 For the sake of completeness, we shall give full details. 
To do this, let us define the following 9 sets: for N = {0, 1, . . . }, 

h = {(k,j) £NxN:k<j, 1 < \E k \ < q, 1 < \Ej\ < q}, 
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h = {(k,j) £NxN:k<j, 1 < \E k \ < q, q < \Ej\ < q 2 }, 
h = {(k,j) £NxN:k<j, 1 < \E k \ < q, q 2 < \E,\ < g 4 }, 
h = {{k,j) £NxN:k<j, q< \E k \ <q 2 , 1 < \Ej\ < q}, 
h = {(k,j) eNxN:k<j, q< \E k \ < q 2 , q < \Ej\ < q 2 }, 
h = {(k,j) eNxN:k<j, q< \E k \ < q 2 , q 2 < \Ej\ < g 4 }, 
h = {(k,j) e N x N : k < j, q 2 < \E k \ < q\ 1 < \E 3 \ < q}, 
h = {{k,j) eNxN:k<j, q 2 < \E k \ < q\ q< \Ej\ < q 2 }, 
h = {(k,j) €N xN :k<j, q 2 < \E k \ < q\ q 2 < \Ej\ < q 4 }. 



4.1. Estimate of the sum over I\. It follows from (4.1) and (4.2) that 



20 

q3 



Y 2~ k - j \m * ^)iu6 ( F| Jtfa )ii(^ * K)\\ L i iW 

< 2- fc - J |^|I|^|i < Y 2- fc -^ fc |2T since \Ej\* < 2^ by @ 

(k,j)eh (k,j)eh 



fc=0 j=k k=0 k=0 



4.2. Estimate of the sum over I^. It follows from (4.1) and (4.2) that 



20 
qa 



Y 2- fc ^' || {E k * K)\\ LHn4x) || (E 3 * K) || i2(F 4 dx) 

<q-* Y, 2- k ^\E k \%\Ej\<q-^ Y 2 ~ j \ E i\ since 2- fc |^ fc |I<l by@ 
(k,j)eh (k,j)eh 

since \Ej\* < q? for (k,j) G h 

(k,j)el 2 



00 00 

k=0 j=k 

oo 



by (4.41 



k=0 



10 ~ 1. 



4.3. Estimate of the sum over I3. It follows from (4.1) and (4.2) that 



qf Y 2 ~ k ~ j II (Ek*K)\\ L e n ^11(^*^)11^^ 



,dx) 



(k,j)eh 



< q ^ y i~ k ~ j \Ek\hE$ <?* Y 2 ~ j \ E $ b yB 

{k,j)eh {k,j)eh 
= Y 2 ~ j \ E jfi<l*\Ej\~* < Y 2 ~ j \ E i\* since q 2 <\Ej\ for (k,j) £ I 3 

(k,j)eh (k,j)&I 3 



00 00 00 

SEE*-— £2- 



_k_ 

10 



k=0 j=k 



k=0 



where (4.4) was also used to obtain the last inequality 
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4.4. Estimate of the sum over I4. It follows from (4.1) and (4.2) that 



qf 2- k -^(E k *K)\\ L *^ ) \\(E j *K)\\ I ?p tt te ) 
(kj)eh 

<q~* E 2-^1^11^15 <q~\ Y, 2-*|£7 fc |2-^2¥ by @§ 

(fc,j)e/ 4 (fe,i)e/4 
00 00 00 

< g- B E 2" fc I £ fc I E T ¥ ~ g - 1 Y 2" ™ I ^ I 



fc=0 



j=k 



k=0 



<Y^^\E k \ = l byQ. 



fc=0 



4.5. Estimate of the sum over I5. It follows from (4.1) and (4.2) that 



qf Y 2- fc - J ||(^*K)|| L a( F 4 idx) ||( J B i *i?)|| i2(F 4 i , a;) 
<?-§ E 2-^1^11^-1 < 2 2- k -i\E k \\E j \* since |%|3<g§ for G I 5 



00 00 

i * — v 6fc , 



<E 2 ~ fe i^iE 2-i ~E 2 ~ f i^i = 1 ' 

k=0 j=k k=0 



where we used (4.4), the convergence of a geometric series, and (4.3) in the last line 



4.6. Estimate of the sum over Iq. It follows from (4.1) and (4.2) that 



qf Y 2- fc ^||(ii; fc *^)|| L6(F 4^ ) ||(^*K)|| L2(F 4 !da:) 
(kj)eh 

<ql Y 2- k - J \E k \\E^ < Y 2 ~ k ~ j \ E *W E i 
(k,j)&h (k,j)eh 

00 00 00 

fc=0 j=k k=Q 



lo-I 1 _ 1 

2"*" e since \Ej\ e < q 3 



for (k,j) G I 6 



where (4.4), the convergence of a geometric series, and (4.3) were also applied in the last line. 



4.7. Estimate of the sum over Ij. It follows from (4.1) and (4.2) that 



qf Y 2- fc - J ||(i? fc *K)||L 6 (F^)ll(^*^)llL 2 (F4^) 



(k,j)ei 7 



<q* Y 1- k - j \Ek\hE j \l=ql Y ^\E k \\E k \-l\E^ 
[k,j)el 7 (k,j)ei 7 

<g5 _ 5 Y / 2~ k \E k \2~% by observing \E k \~i < q~^ for (k,j) G I7 and by ([44]) 

(fe,j)G/7 



00 00 



<Y2- k \E k \Y 2 ~ f - E 2 m^i < E 2 ~ f 1^1 = L 

fc=0 j=k k=0 k=0 
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4.8. Estimate of the sum over /§. It follows from (4.1) and (4.2) that 



qir 2- fc ^||(i? fc *i?)|| L6{F 4^ ) ||(^*K)|| i2(F 4 )(i:E) 
(fcj)e/ g 



< 



2- fe ^'|£; fe |6|& 



< ^2 2 ~ k ~ j \ E k\\Ej\^ since \E k \~* < g~i 

oo oo oo 

fe=0 j=fc fc=0 



s ^ 2" fc ^|£ fc ||£ i |§|£ / J~-|/-\ ■ 



1 ' — T 1 



\Ej\3 < qs for (k,j) E I 8 



4.9. Estimate of the sum over 1$. It follows from (4.1) and (4.2) that 

qf 2- fc ^||(i? fc *K)|| L6(F 4^ ) ||(^*ie)|| i2(F 4 i , x) 



(kj)eh 



- + - 

2^6 



= ql J2 2- fc - J |^||^|5+s|^ fc |-i|^|-s 

(k,j)Eh 

since |.Efc|~6 , \Ej\~e < q~3 for (kj) G /g 



:^2-^ fc |^2^|^|l<^2-^ fe |^2-^^2-f|^| 

fc=0 j=fc fc=0 j=fc fc=0 



1. 



where we also used (4.4), the convergence of a geometric series, and (4.3) in the last line. 
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